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a b s t r a c t
For a graph G, its Laplacian matrix is the difference of the diagonal matrix of its vertex
degrees and its adjacency matrix. Let Tn,d be the set of trees on n vertices with diameter d.
In this paper, for d ∈ {1, 2, 3, 4, n− 3, n− 2, n− 1}, trees with minimal Laplacian spectral
radii in the set Tn,d are characterized.
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1. Introduction
In this paper, we consider only connected simple graphs and, in particular, trees. Let G = (V (G), E(G)) be a graph on
vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G) = {e1, e2, . . . , em}. The distance between vertices u and v is denoted
by d(u, v), the diameter d of G is themaximumdistance between any two vertices of G. The degree of a vertex v in G, denoted
by dG(v), is the number of edges incident with v. Let NG(v) or simply N(v) be the set of vertices that are adjacent to v in G.
Let bxc denote the largest integer which is less than or equal to x, and dxe the smallest integer which is more than or equal
to x.
Let A(G) be the adjacency matrix of a graph G, which is a real symmetric (0, 1)matrix, and all of its eigenvalues are real.
We call the largest eigenvalue of A(G) the spectral radius of the graph G. The Laplacian matrix L(G) = D(G) − A(G) is the
difference of D(G) = diag(d(v1), d(v2), . . . , d(vn)), the diagonal matrix of vertex degrees, and the adjacency matrix. It is
well known that L(G) is positive semidefinite symmetric and singular. Moreover, since G is connected, L(G) is irreducible.
Denote its eigenvalues by
µ1(G) ≥ µ2(G) ≥ · · · ≥ µn(G) = 0,
which are always enumerated in non-increasing order and repeated according to their multiplicity. Fiedler [3] showed that
the second smallest eigenvalue µn−1(G) of L(G) is 0 if and only if G is disconnected. Thus the second smallest eigenvalue of
L(G) is popularly known as the algebraic connectivity of G. The largest eigenvalueµ1(G) of L(G) is usually called the Laplacian
spectral radius of the graph G, denoted by µ(G). Recent researches indicate that the Laplacian spectral radius of trees plays
an important role in the theory of the photoelectron spectra of saturated hydrocarbons (see [7] and the references therein).
Let Tn,d be the set of trees on n vertices with diameter d. In [2], the first b d2c + 1 spectral radii of trees in the set
Tn,d(3 ≤ d ≤ n − 4) were given. Guo [6] characterized the first b d2c + 1 Laplacian spectral radii of trees in the set
Tn,d(3 ≤ d ≤ n − 3). In this paper, for d ∈ {1, 2, 3, 4, n − 3, n − 2, n − 1}, trees with minimal Laplacian spectral radii
in the set Tn,d are characterized.
∗ Corresponding author at: Department of Mathematics, East China Normal University, Shanghai, 200241, China. Tel.: +86 13564883914.
E-mail address: jlshu@math.ecnu.edu.cn (J. Shu).
0304-3975/$ – see front matter© 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.tcs.2008.09.060
R. Liu et al. / Theoretical Computer Science 410 (2009) 78–83 79
Fig. 1. T and T ∗ .
2. Trees with small diameter
In this section, we will consider the trees with small diameter, i.e. d ∈ {1, 2, 3, 4}. It is clear that Tn,1 = {P2}, Tn,2 =
{K1,n−1}. In the following, we mainly consider the trees with diameter d = 3 and d = 4, respectively.
Let G be a graph and let G′ = G + e be the graph obtained from G by inserting a new edge e into G. It follows by the
well-known Courant–Weyl inequalities (see [1]) that the following is true.
Lemma 1. The Laplacian eigenvalues of G and G′ interlace, that is,
µ1(G′) ≥ µ1(G) ≥ µ2(G′) ≥ µ2(G) ≥ · · · ≥ µn(G′) = µn(G) = 0.
From Lemma 1, we immediately have the following:
Lemma 2. Let G be a connected graph, and G1 be a subgraph of G, then µ(G1) ≤ µ(G).
Lemma 3 ([4,5]). Let v be a vertex of a tree T with at least two vertices. Let Tk,l(k ≥ l ≥ 1) be the tree obtained from T by
attaching two new paths P : vv1v2 · · · vk and Q : vu1u2 · · · ul of length k and l, respectively, at v, where v1, v2, . . . , vk and
u1, u2, . . . , ul are distinct new vertices. Let Tk+1,l−1 = Tk,l − ul−1ul + vkul. Then
µ(Tk+1,l−1) < µ(Tk,l).
Lemma 4 ([5]). Let u, v be two distinct vertices of a tree T . Suppose that v1, v2, . . . , vs (1 ≤ s ≤ dv) are some vertices
of NT (v)\NT (u) and X = (x1, x2, . . . , xn)T be a unit eigenvector of T , where xi corresponds to vi (1 ≤ i ≤ n). Let T ∗ =
T − vv1 − vv2 − · · · − vvs + uv1 + uv2 + · · · + uvs (See Fig. 1). If |xu| ≥ |xv|, then µ(T ) < µ(T ∗).
Note that Tn,3 = {S(a, b) : a + b = n − 2}, where S(a, b) is the set of double stars. According to Lemma 4, it is known
that S(d n−22 e, b n−22 c) has the minimal Laplacian spectral radius among the trees on n vertices with d = 3.
At last, we consider the case of d = 4.
Lemma 5. Let T be a tree, and u ∈ V (T ). There are two pendant edges {uv1, uv2} at u in T . Suppose that s new pendant edges
{v1w1, v1w2, . . . , v1ws} are attached to T at v1 and t pendant edges {v2ws+1, v2ws+2, . . . , v2ws+t} are attached to T at v2 to
form a new tree Ts,t(s ≥ t ≥ 1). Then
µ(Ts+1,t−1) > µ(Ts,t).
In particular,
µ(Ts+t,0) > µ(Ts+t−1,1) > · · · > µ(Td s+t2 e,b s+t2 c).
Proof. Let X = (x1, x2, . . . , xn)T be a unit eigenvector of the tree Ts,t , where xv1 , xv2 correspond to v1, v2, respectively. Now,
we distinguish the following two cases:
Case 1. |xv1 | ≥ |xv2 |. We can obtain Ts+1,t−1 from Ts,t by replacing v2ws+1 with v1ws+1. By Lemma 4, then µ(Ts+1,t−1) >
µ(Ts,t).
Case 2. |xv1 | < |xv2 |. Note that s ≥ t , let Tt−1,s+1 be the tree obtained from Ts,t by replacing v1wt , v1wt+1, . . . , v1ws with
v2wt , v2wt+1, . . . , v2ws. According to Lemma 4, µ(Tt−1,s+1) > µ(Ts,t). Note that Tt−1,s+1 ∼= Ts+1,t−1, then µ(Ts+1,t−1) >
µ(Ts,t). 
Let n, k be integers with 2 ≤ k ≤ n − 3(n ≥ 5). Let T ∗(n, k) be the tree on n vertices obtained from K1,k( V (K1,k) =
{u, u1, u2, . . . , uk} and dK1,k(u1) = · · · = dK1,k(uk) = 1) by attaching di pendant edges to the vertex ui, i = 1, 2, . . . , k,
respectively, where
∑k
i=1 di = n− k− 1 and ∀ 1 ≤ i < j ≤ k, |di − dj| ≤ 1 (See Fig. 2).
For any tree T ∈ Tn,4, T must be obtained from a path P5 : v1v2v3v4v5 by attaching some pendant edges to v2, v4, and
some pendant edges or some stars to v3, where the centers of the stars are adjacent to v3. It is clear that the vertex v3 is the
center of the tree T . Let Tn,4(k) = {T |T ∈ Tn,4 and dT (v3) = k}, where 2 ≤ k ≤ n− 3. Clearly,
T ∗(n, k) ∈ Tn,4(k),
and
Tn,4 = Tn,4(2) ∪ Tn,4(3) ∪ · · · ∪ Tn,4(n− 3).
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Fig. 2. T ∗(9, 5) and T ∗(18, 4).
Fig. 3. T ∗(n, k+ 1) and T ∗(n, k).
Fig. 4. T ∗(n, b n−12 c + 1) and T ∗(n, b n−12 c).
Lemma 6. For any T ∈ Tn,4(k), we have µ(T ) ≥ µ(T ∗(n, k)), with the equality if and only if T ∼= T ∗(n, k).
Proof. If T  T ∗(n, k), there exist at least two distinct vertices, say vi and vj, of NT (v3), and |dT (vi)− dT (vj)| ≥ 2. Without
loss of generality, we may assume
dT (vi) = max
w∈NT (v3)
dT (w), dT (vj) = min
w∈NT (v3)
dT (w).
Since there exist dT (vi)−1 pendant edges on vi and dT (vj)−1 pendant edges on vj, then we obtain T ′ from T by distributing
these dT (vi)+dT (vj)−2 pendant edges on vi, vj as average as possible, where dT ′(vi) ≥ dT ′(vj). By Lemma 5,µ(T ) > µ(T ′).
If T ′ ∼= T ∗(n, k), the conclusion holds. Otherwise, by induction on max
w∈NT ′ (v3)
dT (w) − min
w∈NT ′ (v3)
dT (w), we can get a tree T ′′
with all n − k − 1 pendant edges distributing on N(v3) as average as possible. It’s clear that T ′′ ∼= T ∗(n, k). By Lemma 5,
µ(T ) > µ(T ′) > µ(T ′′) = µ(T ∗(n, k)). 
Lemma 7. µ(T ∗(n, n− 3)) > µ(T ∗(n, n− 4)) > · · · > µ(T ∗(n, b n−12 c)).
Proof. If b n−12 c+ 1 ≤ k ≤ n− 4, there exist at least two pendant edges on the vertex v3 in T ∗(n, k+ 1), say v3wi, and v3wj.
Hence we can obtain T ∗(n, k) by replacing v3wj withwiwj (See Fig. 3). According to Lemma 3, we have
µ(T ∗(n, k+ 1)) > µ(T ∗(n, k)).
If k = b n−12 c, we distinguish the following two cases:
Case 1. n − 1 is even. Then there exist two pendant edges on the vertex v3 in T ∗(n, b n−12 c + 1). As the proof above, we
have µ(T ∗(n, b n−12 c + 1)) > µ(T ∗(n, b n−12 c)).
Case 2. n − 1 is odd. Obviously n ≥ 6, and there exists only one pendant edge, say v3wj, and n−22 P2 at the vertex v3 in
T ∗(n, b n−12 c + 1). Let wi ∈ N(v3), which is different from wj. Then we can obtain T ∗(n, b n−12 c) from T ∗(n, b n−12 c + 1) by
replacing v3wj withwiwj (See Fig. 4).
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Fig. 5.
Considering the tree T ∗(n, b n−12 c). Let X = (x1, x2, . . . , xn)T be a unit eigenvector of the tree T ∗(n, b n−12 c), where xv3 and
xwi correspond to v3 andwi, respectively, we also distinguish the following two cases:
Case 2.1. |xv3 | ≥ |xwi |. We can obtain T ∗(n, b n−12 c + 1) from T ∗(n, b n−12 c) by replacing wiwj with v3wj. According to
Lemma 4, then µ(T ∗(n, b n−12 c + 1)) > µ(T ∗(n, b n−12 c)).
Case 2.2. |xv3 | < |xwi |. For any w ∈ NT (v3)\{v,wi}, T0 can be obtained from T ∗(n, b n−12 c) by replacing edges wv3
with edges wwi. By Lemma 4, µ(T ∗(n, b n−12 c)) < µ(T0). According to Lemma 3, µ(T0) < µ(T ∗(n, b n−12 c + 1)). Hence,
µ(T ∗(n, b n−12 c + 1)) > µ(T ∗(n, b n−12 c)). 
Theorem 8. For any T ∈ Tn,4, we have
µ(T ) ≥ min
{
µ(T ∗(n, k)), k = 2, 3, . . . ,
⌊
n− 1
2
⌋}
,
with the equality if and only if T ∈ {T ∗(n, k), k = 2, 3, . . . , b n−12 c}.
Proof. Since Tn,4 = Tn,4(2)∪ Tn,4(3) ∪ · · · ∪ Tn,4(n− 3), by Lemmas 6 and 7, the result comes into existence. 
Remark 9. By computer, we can get the Laplacian spectral radius of T ∗(n, k) for any n and k, where 2 ≤ k ≤ b n−12 c. For
example, for n = 40 and 80, we get the following Fig. 5, where x-axis denotes the different values of k and y-axis the values
of µ(T ∗(n, k)) corresponding to k.
Remark 10. From the computation result, it is easy to see that the value of k, which makesµ(T ∗(n, k)) attain the minimum
value, increases as n increases. For example, for 5 ≤ n ≤ 100, the value of k has the following fixed relation with the
different n (See Fig. 6). This leads us to state the following problem: Given n, how to find k such that µ(T ∗(n, k)) attains
the minimum value? Based on computer simulation, it suggests that when k = b
√
4(n−1)−1−1
2 c + 1, µ(T ∗(n, k)) attains the
minimum value, however, after our careful consideration and discussion, we have not still found suitable spectral method
to give a strict theoretical proof of this result.
Conjecture 11. For any T ∈ Tn,4, we have
µ(T ) ≥ µ(T ∗(n, k)), k =
⌊√
4(n− 1)− 1− 1
2
⌋
+ 1,
with the equality if and only if T ∼= T ∗(n, k), k = b
√
4(n−1)−1−1
2 c + 1.
3. Trees with large diameter
In this section, we mainly consider the trees with large diameter. For d = n − 1, clearly, Pn has the minimal Laplacian
spectral radius.
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Fig. 6.
Fig. 7. Tn,n−2(i).
Fig. 8. Tn,n−3(i), T˜n,n−3(i) and Tn,n−3(i, j).
For any tree T ∈ Tn,n−2, then T ∈ {Tn,n−2(i) |2 ≤ i ≤ n − 2}, where Tn,n−2(i) can be obtained from a path
Pn−1 : v1v2 · · · vi · · · vn−2vn−1 by attaching a pendant edge to vi. It is easy to see from Fig. 6 that two pendant paths
P : vi · · · v2v1 and Q : vi · · · vn−2vn−1 of length i − 1 and n − i − 1 are attached to vi in Tn,n−2(i). Using Lemma 3, tree
Tn,n−2(2) has minimal Laplacian spectral radius for d = n− 2 (see Fig. 7).
For any tree T ∈ Tn,n−3, then T ∈ {Tn,n−3(i) |2 ≤ i ≤ n−3}∪ {T˜n,n−3(i) |3 ≤ i ≤ n−4}∪ {Tn,n−3(i, j) |2 ≤ i < j ≤ n−3},
where Tn,n−3(i) can be obtained from a path Pn−2 : v1v2 · · · vi · · · vn−3vn−2 (of length n− 3) by attaching two new pendant
edges vivn−1 and vivn to the vertex vi, and T˜n,n−3(i) can be obtained fromapath Pn−2 : v1v2 · · · vi · · · vn−3vn−2 (of length n−3)
by attaching path P3 : vivn−1vn to vertex vi, and Tn,n−3(i, j) can be obtained from a path Pn−2 : v1v2 · · · vi · · · vj · · · vn−3vn−2
(of length n − 3) by attaching a new pendant edge vivn−1 to the vertex vi and a new pendant edge vjvn to the vertex vj,
respectively(see Fig. 8).
According to Lemma 3, for any T ∈ {Tn,n−3(i) |2 ≤ i ≤ n − 3}, tree Tn,n−3(2) has the minimal Laplacian spectral radius.
For any T ∈ {T˜n,n−3(i) |3 ≤ i ≤ n− 4}, tree T˜n,n−3(3) has the minimal Laplacian spectral radius.
Let P = v0v1 · · · vk(k ≥ 1) be a path of tree T . If dT (v0) ≥ 3, dT (vk) ≥ 3 and dT (vi) = 2(1 ≤ i ≤ k)when k > 1, then we
call P an internal path of T .
Lemma 12 ([4]). Suppose that uv is an edge on an internal path of tree T . Let Tuv be the tree obtained from T by the subdivision
of the edge uv (i.e., by deleting the edge uv, adding a new vertexw and two new edges uw andwv). Then µ(Tuv) < µ(T ).
Corollary 13. For any T ∈ {Tn,n−3(i, j) |2 ≤ i < j ≤ n− 3}, tree Tn,n−3(2, n− 3) has the minimal Laplacian spectral radius.
Proof. By Lemmas 2 and 12, the corollary is clear. 
Theorem 14. For any T ∈ Tn,n−3, trees T˜7,4(3) and Tn,n−3(2, n− 3) have minimal Laplacian spectral radius (see Fig. 9).
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Fig. 9. T˜7,4(3) and Tn,n−3(2, n− 3).
Proof. By Lemma 4, we have µ(Tn,n−3(2, n − 3)) < µ(Tn,n−3(2)). By direct computing, µ(T7,4(2, 4)) = µ(T˜7,4(3)) and
µ(T8,5(2, 5)) < µ(T˜8,5(3)). From [4], it is known that for n > 8, µ(Tn,n−3(2, n − 3)) < µ(T˜n,n−3(3)). This completes the
proof of Theorem 14. 
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